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INDEPENDENT SEQUENCES 
IN BANACH SPACES 

BY 

A. SZANKOWSKI AND P. TERENZI 

ABSTRACT 

In every ~-dimensional separable Banach space X there is a fundamental 
sequence such that no subsequence of it, which is fundamental in X, is 
independent ("{x.} is fundamental in X" means X = span{x .} ) .  

A sequence {x.}:=~ in a Banach space X is called to-independent if for any 

sequence of scalars {c.}7=i, 

~ CaXn = 0 implies c. = 0 for every n. 

Erd6s and Straus proved in [1] that every algebraically independent sequence 

{x,}~=~ in a Banach space contains an infinite subsequence {x,,} which is 

to-independent. A natural question arises whether these n~ can be chosen so that 

span {x. }~=1 = span {x., }7=t. 

In this note we provide a negative answer to this question. We prove the 

following 

THEOREM. Let X be an infinite dimensional separable Banach space. There 
exists an algebraically independent sequence {/, }~=~ in X which is fundamental in 
X, such that no fundamental subsequence of {/,} is to-independent. 

PROOF. Let  {(e* = * ., e,)},-1 with e ,  E X*,  e. E X, be a total and fundamental 

biorthogonal system in X, with fie, [[ = 1 for n = 1 , 2 , . - . .  

For  f ~ X we denote  

f(n)=e*q), suppf  = {n : f ( n ) ~  0}. 

We define a sequence y~, y~ , . . .  C X by recursion: 
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and we set 

y i = 0  and for n = 1 , 2 , . . . ,  

y2. = y. + 3-"e., y2.+~ = - y. + 3-"e. 

.f, = y. + 3-"e.. 

Let us observe that span{f.}.".~ = span{e.}.".1 for every m, therefore {L}:=, is 

fundamental in X. 

We also see that II.f,. II < 1 for every m. 

Suppose that A C N is such that 

span {f. : n E A } = X. 

We are going to find some coefficients b., for n E A, not all of them equal to 0, 

so that E.Ea b.[. = 0, thus proving our theorem. 

Let us start with the following observation. 

For every m the set 

Am ~e~ {n E A  : f . ( m ) ~ 0 }  

is infinite. 

Indeed A,. is not empty (because e* vanishes on span{L :/t~ Am}), hence A,. 

is infinite (since Am D A2,. LI A2m÷l and so on), for every m. 

Now we shall pick some numbers a( j ,m) ,  [3( j ,m) for  m = 1 , 2 , . . .  and 

/ =  1 , 2 , . . . , 3  "-1 so that 

/3(3 "-2, m - 1)< a(1, m)</3(1 ,  m ) <  a(2, m ) <  • • • < 

O) < a(3 m-l, m)< /3 (3  "-1, m ) <  a(1, m + 1), 

(2) ot( j ,m)EA2m,  [3(j,m)~A2m+l for al l / .  

It is possible to find a(j ,  m),/3(j ,  m) as above, because the sets A2m and A2,,+1 

are infinite. 

Let us notice that 

.f.o,m) = .f.u,m)(m)" (3my,. + e .  + goo,-~), 
(3) 

f~o,,~ = bo, m)(m)" ( - 3"ym +em + g#o,m)), 

where supp g-o,,.) U supp g#o,,-) C [2m, oo). 

Now we are ready to define the coefficients b.. If n is not of the form a (j, m) 

or # ( j ,m) ,  then we set b. =0 .  Otherwise, we define b. by recursion in the 

following way: 



Vol. 41, 1982 INDEPENDENT SEQUENCES 149 

1 
b.o,, = ~ 1 (f.(,.,)()) , 1 1 ' b,(,, , ,  = q , , , , , ) (  ) ) -  

and, having defined b. for n < fl(3 ''-2, m --1), we set 

x .=  E bd. 
n 1i0(3'~-2,m-1) 

and, for n of the form a(j,  m )  or /3( j ,  m) ,  we set 

1 3-m÷,xm(m).f.(m)-,. 

Let us notice that, for an n like above, 

3 
(4) fb.[=-~'lxm(m)l. 

For 1 ~ N ~ 3 ~-1 let us denote 

ht 

BN.,. = ~ (b~o,m)f~o..) + bao.m)fao,.)). 
i=1 

LEMMA. (a) Bn.. (i) = 0 for every i < m, every N ;  

(b) x , . ( i ) = 0  for every i < m;  
(c) [xm (i)[ _-< 2 m-1. 3'- '  for every i >= m, every m;  

(d) [n~,m(i)[ =<2m-131-' for every i >-_ m, every m. 

PROOF. By (3), it follows that 

b~o,.)f~o,.)+ b~o.*)f~o.m) = -- 3-m÷lXm(m)(em + h,~j), 

where supp h~.j C [2m, ~). This yields immediately (a). Moreover, 

3 m - !  

~.  (b~o,.)[.o,.) + b~o.m)[ao, m)) = - xm (m)em + G=, 
i=1 

where s u p p G .  C [2m, oo). Hence x=+l(i)= x=(i)  if i < m and xm÷t(m)=0, 
therefore (b) follows by induction, since we have also ~x2(1)= 0. 

By (4), we have for every k => 2 

N 

BN, k (i) <-- ~ (I b*o,k)f*o,k)(i)l + l bao, k)fao.k)(i)l) 

b - '  " " l x k ( k ) l  - < 3 - ' ~  (Ib.o,,,{+l ,o,,)1)=3 "2N 
l - I  

= < 3k-' { x~ (k){ . 
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Let us set x~(1) = 1. Then the above inequality is valid for k = 1 as well. Hence 

m--1 ra--I 

Ix,,,(i)l <= ~ [B3~-',k(i)l<=3-' ~ 3klxk(k)l 
k = l  k = l  

and, in particular, 

m-1 

Ix"(m)l=<3 -m ~ 3~lxk(k)l. 
k = l  

By induction on m we obtain 

m-1 

and ~ 3k]Xk(k)l<3"2 m-~ 
k = l  

and (c), (d) follow easily from the previous inequalities. 

Now we are ready to complete the proof of the theorem. Obviously, b.o,l) ~ 0. 

We shall see that, nevertheless, E.~A bmfm = O. 
Let us consider a partial sum Su = Y~.~,~.~Mb.fn. 
Obviously, there exist (unique) m = m(M) and N = N(M) where N <-- 3" such 

that 

SM=x,.+B~,.  or SM=xm+B~,,,,+bmfM 

(the first case corresponds to M = a(N, m), the second to M = fl(N, m)). 

When M--> o% then, clearly, m --~ oo. From our lemma we derive easily that 

llxmil<,..~ Ix,.(i)1<2"\3 ] , IlnN, mll<2" 

and by (4), 
" - 2  

This proves that S~ -* 0. 
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