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INDEPENDENT SEQUENCES
IN BANACH SPACES

BY
A. SZANKOWSKI AND P. TERENZI

ABSTRACT

In every «-dimensional separable Banach space X there is a fundamental
sequence such that no subsequence of it, which is fundamental in X, is
independent (“{x,} is fundamental in X means X = span{x,}).

A sequence {x.}.-; in a Banach space X is called w-independent if for any
sequence of scalars {c.}r-1,

Z ¢.x, =0 implies ¢, =0 for every n.
n=1

Erdos and Straus proved in [1] that every algebraically independent sequence
{x.}n-1 in a Banach space contains an infinite subsequence {x,} which is
w-independent. A natural question arises whether these n; can be chosen so that

span{x,}n-: = span{x, }i_:.

In this note we provide a negative answer to this question. We prove the
following

THEOREM. Let X be an infinite dimensional separable Banach space. There
exists an algebraically independent sequence {f.}.-1 in X which is fundamental in
X, such that no fundamental subsequence of {f.} is w-independent.

PrOOF. Let {(e%, e.)}n-: with e} € X*, e, € X, be a total and fundamental
biorthogonal system in X, with [le.||=1for n =1,2,---.
For f € X we denote

f(n)y=ei(f),  suppf={n:f(n)#0}.

We define a sequence y,, y,,- - C X by recursion:
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)’l=0 andforn_—_l,z’...,
Yon =Yat37"€n, Y21 = —y.+37"e,

and we set
fo = ynt3 "en.

Let us observe that span{f.}.-; = span{e,}.-; for every m, therefore {f.}»-: is
fundamental in X,

We also see that ||f.||<1 for every m.

Suppose that A C N is such that

span{f.:n€ A}=X

We are going to find some coefficients b,, for n € A, not all of them equal to 0,
so that Z,c4 b.f. =0, thus proving our theorem.
Let us start with the following observation.

For every m the set

def

A.={n€A:f,(m)#0}
is infinite.

Indeed A,, is not empty (because e, vanishes on span{f; : j & A.}), hence A,
is infinite (since A. D Az U Az.s1 and so on), for every m.

Now we shall pick some numbers a(j,m), B(jm) for m=1,2,--- and
j=12,---,3"" so that

BB m-1<a(l,m)<B(l,m)<a,m)<---<
) <a@,m)<BE™, m)<a(l,m+1),
(2) a(j,m)EAz,,., ﬁ(j,m)EAzmﬂ for all ]

It is possible to find a(j, m), B(j, m) as above, because the sets A,,, and Azm
are infinite.

Let us notice that

faim) = faim) (M) - 3" Ym + €m + Bagm))s
G) m
fagm = fogm(m) * (= 3"ym + €m + gogm)),
where Supp gag.m) U supp geg.my C [2m, ).
Now we are ready to define the coefficients b,. If n is not of the form a (j, m)
or B(j,m), then we set b, =0. Otherwise, we define b, by recursion in the
following way:
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1 _ 1 _
b= 5 fean@),  bgan= ~3 (foan(@)™

and, having defined b, for n = 8(3" 7%, m —1), we set

X = > b.fa

nSpE™"2m-1)

and, for n of the form a(j, m) or B(j, m), we set

by = -;- 3y (m)- fo(m).

Let us notice that, for an n like above,

3
@ [ba =5 - 2 ().
For 1= N =3"" let us denote

N
Bym = ,21 (Da.my fatim) + bpm) fogm)-

LEMMA. (@) Bun (i) =0 for every i <m, every N;
(b) x.(i)=0 for every i <m;

©) |xn ()| =27""-3"" for every i Z m, every m;
(d) | Bnm (i)| =277"3" for every i = m, every m.

Proor. By (3), it follows that
Bagomy faiimy + Dogim fogmy = =37 X (M) (€m + Fim),

where supp h..; C [2m, ). This yields immediately (a). Moreover

?

3m-1

,_Zl (bagom) fam) + Bomy foGm) = = Xim (M ) + G,
where supp G.. C[2m, ). Hence Xm+1(i)=x.(i) if i<m and Xn..(m)=0,

therefore (b) follows by induction, since we have also_x,(1) = 0.
By (4), we have for every k =2

Bui(i) = ;I (| bagor fatar(i)] + 1 Bagaor faar(i)])

S5 3 (bugol +bpaw) =3 2N -3 0 0)

=3 x (k)|
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Let us set x,(1) = 1. Then the above inequality is valid for k = 1 as well. Hence

(]S S [Bass (S35 [ (6)

k=1

and, in particular,

m=1
| Xm(m)|=37" kzl 3% |x (k).
By induction on m we obtain

lx,,.(m)lé(%)m— and 23“|xk(k)l§3~2"‘"

and (c), (d) follow easily from the previous inequalities.

Now we are ready to complete the proof of the theorem. Obviously, b, .1y # 0.
We shall see that, nevertheless, 2,,ca b fn =0.

Let us consider a partial sum Sy = 2.cansmbafs-

Obviously, there exist (unique) m = m(M) and N = N(M) where N = 3™ such
that

S =Xm+Bnm OF Sy =Xm+ Bnm+ bufu

(the first case corresponds to M = a(N, m), the second to M = B(N, m)).
When M — «, then, clearly, m — . From our lemma we derive easily that

pd<3 o<z (37 1Bwl<:(3)

and by (4), ,
Iutel <(3)"

This proves that Sy — 0.
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